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ABSTRACT
We investigate the charged Schwarzschild-Anti-deSitter (SAdS) BH thermo-
dynamics in 5d Einstein-Gauss-Bonnet gravity with electromagnetic field.
The Hawking-Page phase transitions between SAdS BH and pure AdS space
are studied. The corresponding phase diagrams (with critical line defined
by GB term coefficient and electric charge) are drawn. The possibility to
account for higher derivative Maxwell terms is mentioned.
In frames of proposed dS/CFT correspondence it is demonstrated that
brane gravity maybe localized similarly to AdS/CFT. SdS BH thermody-
namics in 5d Einstein and Einstein-Gauss-Bonnet gravity is considered. The
corresponding (complicated) surface counterterms are found and used to get
the conserved BH mass, free energy and entropy. The interesting feature
of higher derivative gravity is the possibility for negative (or zero) SdS (or
SAdS) BH entropy which depends on the parameters of higher derivative
terms. We speculate that the appearence of negative entropy may indicate a
new type instability where a transition between SdS (SAdS) BH with nega-
tive entropy to SAdS (SdS) BH with positive entropy would occur.
PACS: 98.80.Hw,04.50.+h,11.10.Kk,11.10.Wx
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1 Introduction
The holographic principle in M-theory/superstrings physics in the form of
AdS/CFT correspondence [1] and recently dS/CFT correspondence[2, 3] is
one of the main motivations to study the black hole thermodynamics with
asymptotic Anti-deSitter (AdS) and deSitter (dS) spacetimes. Indeed, such
classical gravity black holes turned out to describe the properties of dual
quantum field theory living on the boundary of corresponding black hole
(BH). Hence, two, so far distant branches of theoretical physics appear as
different manifestations of the same theory.
There are different approaches to describe BH thermodynamics. Even
the starting theory maybe different. Traditionally, the starting gravitational
theory is Einstein gravity. Nevertheless, the quite natural extension is to
consider the higher derivative gravitational theory and to study BHs and
their entropy in such theory. Indeed, higher derivative gravity in d dimensions
naturally appears as string effective action in the sigma-model approach to
string theory. Moreover, terms quadratic on the curvatures in such stringy
effective action[4] very often form the Gauss-Bonnet combination which is
topological invariant in four dimensions. The investigation of BHs in such
theory leads to very important information. For example, it turns out that
BH entropy in higher derivative gravity is not always proportional to the
area of horizon [5, 6]. There are indications [6] that higher derivative gravity
may be the initial step in the exploring of AdS/non-CFT correspondence.
Among the different black holes the special interest from the holographic
point of view is attracted by Schwarzschild-Anti de Sitter (SAdS) and
Schwarzschild-de Sitter (SdS) black holes. Indeed, some of SAdS BHs lead to
the very interesting phenomenon called Hawking-Page phase transition [7].
This Hawking-Page phase transition plays an important role in AdS/CFT
correspondence where it was interpreted by Witten[1] as the confinement-
deconfinement transition in dual gauge theory. Hence, SAdS BHs are the
natural tool to describe thermodynamics of dual SCFT what gives the im-
portant support of AdS/CFT correspondence. Moreover, the study of en-
tropy for such SAdS BHs is not only fundamental by itself but it provides
the important information about the entropy of the early Universe (again,
via dual description).
From another point, SdS BHs seem to be very useful for the recently pro-
posed dS/CFT correspondence which is not yet well understood. Moreover,
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as there are indications that our modern Universe has small positive cosmo-
logical constant, SdS BHs which limiting cases are de Sitter and Nariai space
may find various cosmological applications. Furthermore, there are many
similarities between SAdS and SdS BHs which probably reflect the common
origin of AdS(dS)/CFT correspondence.
In the present paper we consider SAdS and SdS BH thermodynamics for
Einstein-Gauss-Bonnet gravity (with electromagnetic field). The motivation
to consider such theory is two-fold. From the one side, GB combination
naturally appears as next-to-leading term in heterotic string effective action.
From another side, this is example of the theory with higher derivative terms
where, nevertheless, the field equations are of second order like in pure Ein-
stein gravity. Hence, it provides the workable and analytically solvable theory
which still remains higher derivative one and keeps many features of its more
general cousins.
In the next section the field equations for d-dimensional higher deriva-
tive gravity are written for class of metrics typical for SAdS space. It is
demonstrated that when higher derivative terms form GB combination the
field equations become of second order. As the matter, the electromagnetic
field is introduced. The analytical solution in the form of SAdS BH is pre-
sented for such Einstein-GB-Maxwell theory. The thermodynamics of such
SAdS BH is carefully described: the Hawking temperature, multiple horizon
radius, regularized action and free energy are found. In a sense, this sec-
tion may be considered as higher derivative generalization of corresponding
calculation for charged AdS BH in ref.[8] (in our case there is no dilaton).
However, unlike to [8] where both canonical and grand-canonical ensembles
were discussed we study the phases of charged AdS BH in only canonical
ensemble. The reason is caused by very complicated structure of the the-
ory under investigation. The Hawking-Page phase transitions are described,
their dependence on the coefficient of GB term and on the electric charge is
demonstrated. It is remarkable that due to presence of above two parameters,
the critical line (not critical point) appears in Hawking-Page phase diagram.
In section three we show the principal possibility to account this formulation
for higher derivative electromagnetic field as well. Unfortunately, the explicit
calculations are getting extremely complicated.
In section four we begin to consider dS bulk spaces. Using proposed
dS/CFT correspondence, in direct analogy with AdS/CFT it is shown that
brane gravity maybe localized even when bulk is de Sitter space. Section
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five is devoted to the review of de Sitter space as well as SdS BH thermody-
namics in usual Einstein gravity. The derivation of thermodynamical energy
(conserved black hole mass) and entropy for SdS BH is presented. In section
six the properties of charged SdS BH for Einstein-GB-Maxwell theory are
analyzed. In particular, the Hawking temperature, multiple horizon radius
are found and the expression for conserved BH mass is conjectured. Section
seven is devoted to quite complicated technical problem, i.e. the derivation
of surface counterterms for higher derivative gravity on SAdS or SdS BH
background. Using surface counterterms the conserved BH mass for general
higher derivative gravity as well as for Einstein-GB theory is found. In partic-
ulary, it proves the conjecture of previous section. The interesting property of
higher derivative gravity is that there exists critical line of theory parameters
where BH mass is zero for any SdS or SAdS BH. The entropy of such state is
also zero. In section eight we discuss the entropies for SdS and SAdS BHs in
higher derivative gravity as well as in Einstein-GB theory. It is shown that
for some higher derivative parameters region the entropy formally becomes
negative. However, in the situation when SAdS BH entropy is negative, for
the same choice of theory parameters the SdS BH entropy is still positive
and vice-versa. That is why we speculate that when say SAdS BH entropy
is negative one enters to some new kind of BH instability and transition to
stable SdS BH occurs (and vice-versa). The summary and outlook are given
in the last section.
2 AdS Black Holes thermodynamics and
Hawking-Page phase transitions
We will start from the general action of d dimensional R2-gravity with cos-
mological constant and matter. The action is given by:
S =
∫
dd+1x
√−g
{
aR2 + bRµνR
µν + cRµνξσR
µνξσ +
1
κ2
R− Λ
}
+ Smatter .
(1)
Here Smatter is the action for the matter fields. Note that in string theory the
coefficients of above action are derived. Of course, they will depend on the
starting string theory and the compactification used. Usually, the Einstein
term is the leading one while higher derivative terms are next-to-leading ones
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in low-energy stringy effective action. Nevertheless, even in such situation
the higher derivative terms may change the structure of Hawking-Page phase
transitions [12].
By the variation over the metric tensor gµν , we obtain the following equa-
tion
0 =
1
2
gµν
(
aR2 + bRµνR
µν + cRµνξσR
µνξσ +
1
κ2
R− Λ
)
+a (−2RRµν +∇µ∇νR +∇ν∇µR− 2gµν∇ρ∇ρR)
+b
(
−2RµρRνρ +∇ρ∇µRρν +∇ρ∇νRρµ −✷Rµν − gµν∇ρ∇σRρσ
)
+c
(
−2RµρστRνρστ − 2∇ρ∇σRµρνσ − 2∇ρ∇σRνρµσ
)
− 1
κ2
Rµν + T µν . (2)
Here T µν is the energy-momentum tensor of the matter fields:
T µν =
1√−g
δSmatter
δgµν
. (3)
Using the following identities:
∇ρ∇σRµρνσ = ✷Rµν − 1
2
∇µ∇νR +RµρνσRρσ − RµρRνρ ,
∇ρ∇µRρν +∇ρ∇νRρµ = 1
2
(∇µ∇νR +∇ν∇µR)− 2RµρνσRρσ + 2RµρRνρ ,
∇ρ∇σRρσ = 1
2
R , (4)
one rewrites Eq.(2) as:
0 =
1
2
gµν
(
aR2 + bRµνR
µν + cRµνξσR
µνξσ +
1
κ2
R − Λ
)
+a (−2RRµν +∇µ∇νR +∇ν∇µR− 2gµν∇ρ∇ρR)
+b
{
1
2
(∇µ∇νR +∇ν∇µR)− 2RµρνσRρσ −✷Rµν − 1
2
gµν✷R
}
+c
(
−2RµρστRνρστ − 4✷Rµν +∇µ∇νR +∇ν∇µR
−4RµρνσRρσ + 4RµρRνρ
)
− 1
κ2
Rµν − T µνmatter . (5)
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Our primary interest is in the study of the case when the R2-part of the
action (1) forms the Gauss-Bonnet combination:
a = c , b = −4c , (6)
Then
0 =
1
2
gµν
{
c
(
R2 − 4RµνRµν +RµνξσRµνξσ
)
+
1
κ2
R− Λ
}
+c
(
−2RRµν + 4RµρRνρ + 4RµρνσRρσ − 2RµρστRνρστ
)
− 1
κ2
Rµν + T µν . (7)
Eq. (7) does not contain the derivatives of the curvatures therefore the terms
with the derivatives higher than two do not appear. Therefore the theory with
Gauss-Bonnet combination is very special case of higher derivative gravity.
We now assume the spacetime metric has the following form:
ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2
d−1∑
i,j=1
g˜ijdx
idxj . (8)
Here g˜ij is the metric of the Einstein manifold, which is defined by R˜ij = kgij .
Here R˜ij is the Ricci curvature given by g˜ij and k is a constant. For example,
we have k = d − 2 for d − 1-dimensional unit sphere, k = −(d − 2) for
d− 1-dimensional unit hyperboloid, and k = 0 for flat surface.
For the metric (8), the non-vanishing curvatures are:
Rrtrt = e
2ν {ν ′′ + (ν ′ − λ′) ν ′} ,
Rtitj = rν
′e2(ν−λ)g˜ij ,
Rrirj = rλ
′g˜ij ,
Rijkl =
(
k
d− 2 − e
−2λ
)
r2 (g˜ikg˜jl − g˜ilg˜jk) ,
Rtt = e
2(ν−λ)
{
ν ′′ + (ν ′ − λ′) ν ′ + (d− 1)ν
′
r
}
,
Rrr = −{ν ′′ + (ν ′ − λ′) ν ′}+ (d− 1)λ
′
r
,
Rij =
[
k + {−d+ 2− r (ν ′ − λ′)} e−2λ
]
g˜ij ,
7
R = e−2λ
[
−2ν ′′ − 2 (ν ′ − λ′) ν ′ − 2(d− 1) (ν
′ − λ′)
r
+
(d− 1)ke2λ − (d− 1)(d− 2)
r2
]
. (9)
In (9), we denote the derivative with respect to r by ′ and we use the
following conventions of curvatures:
R = gµνRµν ,
Rµν = R
λ
µλν ,
Rλµρσ = −Γλµρ,ν + Γλµν,ρ − ΓηµρΓλνη + ΓηµνΓλρη ,
Γηµλ =
1
2
gην (gµν,λ + gλν,µ − gµλ,ν) . (10)
Then (µ, ν) = (t, t), (r, r) and (i, j) components of Eq.(7) are:
0 = −e
−2ν
2
[
−ce−2λ
(
k − (d− 2)e−2λ
){
−4(d− 1)(d− 3)λ
′
r3
−
(d− 1)(d− 3)(d− 4)
(
k − (d− 2)e−2λ
)
e2λ
(d− 2)r4

 (11)
+
e−2λ
κ2

2(d− 1)λ
′
r
+
(d− 1)
(
k − (d− 2)e−2λ
)
e2λ
r2

− Λ

+ T tt ,
0 =
e−2λ
2
[
−ce−2λ
(
k − (d− 2)e−2λ
){4(d− 1)(d− 3)ν ′
r3
−(d− 1)(d− 3)(d− 4)
(
k − (d− 2)e−2λ
)
e2λ
(d− 2)r4

 (12)
+
e−2λ
κ2

−2(d− 1)ν
′
r
+
(d− 1)
(
k − (d− 2)e−2λ
)
e2λ
r2

− Λ

+ T rr ,
0 =
1
2r2
g˜ij
[
−ce−2λ
{(
k − (d− 2)e−2λ
)(4(d− 3)
r2
(ν ′′ + (ν ′ − λ′) ν ′)
+
4(d− 2)(d− 3) (ν ′ − λ′)
r3
+
(d− 3) (d− 4) (d− 5)
(d− 2)r4
(
k − (d− 2)e−2λ
)
e2λ
)
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+
8(d− 3)(d− 2)
r2
ν ′λ′
}
+
e−2λ
κ2
{
−2ν ′′ − 2 (ν ′ − λ′) ν ′ − 2(d− 1) (ν
′ − λ′)
r
+
(d+ 2)
r2
(
k − (d− 2)e−2λ
)
e2λ
}
− Λ
]
+ T ij . (13)
Especially for k = 2, we have
0 = −e
−2ν
2
[
−ce−2λ(d− 1)(d− 2)(d− 3)
(
1− e−2λ
){
−4λ
′
r3
−(d− 4)
(
1− e−2λ
)
e2λ
r4

 (14)
+
(d− 1)e−2λ
κ2

2λ
′
r
+
(d− 2)
(
1− e−2λ
)
e2λ
r2

− Λ

+ T tt ,
0 =
e−2ν
2
[
−ce−2λ(d− 1)(d− 2)(d− 3)
(
1− e−2λ
){4ν
r3
−
(d− 4)
(
1− e−2λ
)
e2λ
r4

 (15)
+
(d− 1)e−2λ
κ2

−2ν
′
r
+
(d− 2)
(
1− e−2λ
)
e2λ
r2

− Λ

+ T rr ,
0 =
1
2r2
g˜ij
[
−ce−2λ
{
(d− 2)
(
1− e−2λ
) (4(d− 3)
r2
(ν ′′ + (ν ′ − λ′) ν ′)
+
4(d− 2)(d− 3) (ν ′ − λ′)
r3
+
(d− 3) (d− 4) (d− 5)
r4
(
1− e−2λ
)
e2λ
)
+
8(d− 3)(d− 2)
r2
ν ′λ′
}
+
e−2λ
κ2
{
−2ν ′′ − 2 (ν ′ − λ′) ν ′ − 2(d− 1) (ν
′ − λ′)
r
+
(d+ 2)(d− 2)
r2
(
1− e−2λ
)
e2λ
}
− Λ
]
+ T ij . (16)
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Combining (11) and (12), one gets
0 =
e−2λ
2
[
4(d− 1)(d− 3)c
r3
(
k − (d− 2)e−2λ
)
+
2(d− 1)
κ2r
]
(ν ′ + λ′)
+e2νT tt + e2λT rr . (17)
Therefore if
0 = e2νT tt + e2λT rr , (18)
then ν ′ + λ′ = 0, that is, ν + λ =constant. The constant can be, as usually,
absorbed into the redefinition of the time variable t and
ν = −λ . (19)
Then Eq.(11) can be rewritten as
0 =
d
dr
[
(d− 1)(d− 2)c
{
−2krd−4e−2λ + (d− 2)rd−4e−4λ
}
−(d− 1)
κ2
rd−2e−2λ
]
+
(d− 1)(d− 3)(d− 4)
d− 2 ck
2rd−5
+
(d− 1)k
κ2
krd−3 − Λrd−1 + 2rd−1e2λT rr . (20)
Let us consider the electromagnetic field, as a matter field:
Smatter = − 1
4g2
∫
dd+1x
√−ggµνgρσFµρFνσ ,
Fµν = ∂µAν − ∂νAµ . (21)
Here Aµ is a vector potential (gauge field) and g is a gauge coupling. Then
the energy-momentum tensor is given by
T µν = − 1
4g2
(
1
2
gµνgρσgξηFρξFση − 2gρσF µρF νσ
)
, (22)
and by the variation over Aµ, one arrives at the following equation:
∂ν
(√−gF νµ) = 0 . (23)
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Assume Ftr = −Frt only depends on r and other components in the field
strength Fµν vanish. Then using (23), we find
0 = ∂r
(
e−ν−λrd−1Ftr
)
, (24)
whose solution is given by
Ftr = e
ν+λr1−dQ . (25)
Here Q is a constant corresponding to the charge. Then the energy-
momentum tensor (22) is
T tt =
e2νr2−2dQ2
4g2
, T rr = −e
2λr2−2dQ2
4g2
, T ij =
r−2dQ2
4g2
g˜ij . (26)
Eq.(18) is satisfied and ν = −λ in (19). From Eq.(20), we find
0 = (d− 1)(d− 2)c
{
−2krd−4e−2λ + (d− 2)rd−4e−4λ
}
− (d− 1)
κ2
rd−2e−2λ
+
(d− 1)(d− 3)
d− 2 ck
2rd−4 +
(d− 1)k
(d− 2)κ2 r
d−2
−Λ
d
rd +
(d− 2)Q2
2g2
r2−d + C . (27)
Here C is an integration constant related with mass. Then one can solve
(27):
e2ν = e−2λ
=
1
2c
[
2ck
d− 2 +
r2
κ2(d− 2)(d− 3)
±
{
r4
κ4(d− 2)2(d− 3)2 +
4cΛr4
d(d− 1)(d− 2)(d− 3)
− 2cQ
2r6−2d
g2(d− 1)(d− 3) −
4cCr4−d
(d− 1)(d− 2)(d− 3)
} 1
2

 . (28)
When Q2 = 0, the above solution reproduces the result in [9],4 Then from
(27), we have the horizon, where e2ν = 0, at r = rH
0 =
(d− 1)(d− 3)
d− 2 ck
2rd−4H +
(d− 1)k
(d− 2)κ2 r
d−2
H
4 There is some difference in the notations here and in [9]. For example k in [9] is k
d−1
in this paper and d in [9] is d+ 1.
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−Λ
d
rdH +
(d− 2)Q2
2g2
r2−dH + C , (29)
and the Hawking temperature TH is given by
4πTH =
(
e2ν
)′∣∣∣∣
r=rH
=
1
2
(
2ck
d− 2 +
r2H
κ2(d− 2)(d− 3)
)−1 [
4krH
κ2(d− 2)2(d− 3)
− 8Λr
3
H
d(d− 1)(d− 2)(d− 3) −
2Q2r5−2dH
(d− 1)g2
− 2(d− 4)Cr
3−d
H
(d − 1)(d− 2)(d− 3)
]
. (30)
We now concentrate on d = 4 case and consider the thermodynamics.
When d = 4, Eq.(28) has the following form:
e2ν = e−2λ
=
1
2c

ck + r2
2κ2
±
{
r4
4κ4
+
cΛr4
6
− 2cQ
2
3g2r2
− 2cC˜
3
} 1
2

 . (31)
Here
C˜ = C +
3
2
ck2 . (32)
Then the asymptotic behavior when r is large is given by
e2ν = e−2λ
=
1
2c

 r2
2κ2

1±
√
1 +
2cΛκ4
3

+ ck
∓ 2κ
2cC˜
3r2
√
1 + 2cΛκ
4
3
∓ 2cQ
2
3g2r4
√
1 + 2cΛκ
4
3
+O
(
r−4
) . (33)
One can compare the above behavior (33) with that of the usual Reissner-
Nordstrøm-AdS case
e2νSAdS = e−2λSAdS =
r2
l2
+
k
2
− µ
r2
+
q2
r4
, (34)
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We identify
1
l2
=
1
4cκ2

1±
√
1 +
2cΛκ4
3

 , µ = ± κ2C˜
3
√
1 + 2cΛκ
4
3
,
q2 = ∓ Q
2
3g2
√
1 + 2cΛκ
4
3
, (35)
that is,
Λ = − 12
κ2l2
+
24c
l4
, C˜ = µ
(
12c
l2
− 3
κ2
)
,
Q2
g2
= 3q2
(
1− 4cκ
2
l2
)
. (36)
Eq.(35) tells that the plus (minus) sign in ± of (31) corresponds to the case
of cκ
2
l2
> 1
4
(
cκ2
l2
< 1
4
)
. Eq.(36) tells q2 is negative when cκ
2
l2
> 1
4
. Then the
charge itself appears to be imaginary for the observer far from the black hole.
By using l and µ in (36) instead of Λ and C, one rewrites (31), (29) and
(30) (for d = 4) in the following form (we prefer Q2 rather than q2 since q2
becomes negative when cκ
2
l2
> 1
4
):
e2ν = e−2λ
=
1
2c
{
ck +
r2
2κ2
±
√√√√ r4
4κ4
(
4cκ2
l2
− 1
)2
− 2cµ
κ2
(
4cκ2
l2
− 1
)
− 2cQ
2
3g2r2

 , (37)
0 = r6H −
k
2κ2
(
2c
l4
− 1
κ2l2
)r4H − µ
(
4c
l2
− 1
κ2
)
2c
l4
− 1
κ2l2
r2H
− Q
2
3g2
(
2c
l4
− 1
κ2l2
) , (38)
4πTH =
(
e2ν
)′∣∣∣∣
r=rH
=
1
2
(
ck +
r2H
2κ2
)−1 [
krH
κ2
− 8cr
3
H
l4
+
4r3H
κ2l2
− 2Q
2
3g2r3H
]
. (39)
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Eq.(38) has two positive solutions for r2H , that is, the black hole has two
horizons if
Q2
g2
<
Q2c
g2
≡ −1
9
(
2c
l4
− 1
κ2l2
)−2 [k2
4
+ 3µ
(
4c
l2
− 1
κ2
)(
2c
l4
− 1
κ2l2
)] 3
2
−kµ
(
4c
l2
− 1
κ2
)
3
(
2c
l4
− 1
κ2l2
) + k3
72
(
2c
l4
− 1
κ2l2
)2 . (40)
The case of Q2 = Q2c corresponds to the extremal case. The explicit solutions
of (38) are given by
r2H =
a˜
3
+ α+ + α− ,
a˜
3
+ α+ζ + α−ζ
2 ,
a˜
3
+ α+ζ
2 + α−ζ ,
ζ = e
2pii
3 ,
α3± =
1
4

−
(
a˜3
27
+ c˜
)
±
√√√√( a˜3
27
+ c˜
)2
− 4
27
(
a˜2
3
− b˜
)3
 ,
a˜ = − k
2
(
2c
l4
− 1
κ2l2
) ,
b˜ = −µ
(
4c
l2
− 1
κ2
)
2c
l4
− 1
κ2l2
,
c˜ = − Q
2
3g2
(
2c
l4
− 1
κ2l2
) . (41)
After Wick-rotating the time variable by t → iτ , the free energy F can be
obtained from the action S in (1) with a = c and b = −4 and Smatter in (21),
where the classical solution is substituted:
F = −TS . (42)
Multiplying gµν to (7) with (22), we obtain
0 = c
(
R2 − 4RµνRµν +RµνξσRµνξσ
)
+
3
κ2
R− 5Λ− 1
4g2
gµνgρσFµρFνσ . (43)
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Then the action can be rewritten in the following form
S =
∫
d5x
√
g
(
− 2
κ2
R + 4Λ
)
=
V3
TH
∫ ∞
rH
drr3
(
− 2
κ2
R + 4Λ
)
. (44)
Here V3 is the volume of 3d sphere and τ has a period
1
TH
. The expression
for S contains the divergence coming from large r. In order to subtract the
divergence, we regularize S (44) by cutting off the integral at a large radius
rmax and subtracting the solution with µ = Q = 0:
Sreg = −V3
T
{∫ rmax
rH
drr3
(
− 2
κ2
R + 4Λ
)
(45)
−e−λ(r=rmax)+λ(r=rmax;µ=Q=0)
∫ rmax
0
drr3
(
− 2
κ2
R + 4Λ
)∣∣∣∣
µ=Q=0
}
.
The factor e−λ(r=rmax)+λ(r=rmax;µ=Q=0) is chosen so that the proper length of
the circle which corresponds to the period 1
TH
in the Euclidean time at r =
rmax coincides with each other in the two solutions. We should note that the
scalar curvature R in (9) with ν = −λ has the following form
R = − 1
r3
(
r3e−2λ
)′
+
3k
r2
(46)
and e−2λ = 0 and
(
e−2λ
)′
= 4πTH at the horizon r = rH . Then in the limit
of rmax →∞, we find the following expression of the free energy
F = −V3
[
−3µ
κ2
+
12cµ
l2
− 8πr
3
HTH − 3kr2H
κ2
− 24cr
4
H
l4
+
12r4H
κ2l2
]
. (47)
From the parameters µ, Q, rH , and TH , only two parameters are independent.
In fact, by using (38) and (39), one finds
µ =
(
4c
l2
− 1
κ2
)−1 {
3
(
2c
l4
− 1
κ2l2
)
r4H −
k
κ2
r2H + 4πTHrH
(
ck +
r2H
2κ2
)}
Q2
g2
= −6
(
2c
l4
− 1
κ2l2
)
r6H +
3k
2κ2
r4H − 12πTHr3H
(
ck +
r2H
2κ2
)
. (48)
Using (48), we can express the free energy F (47) in terms of rH and TH :
F = −V3
{
−3
(
2c
l4
− 1
κ2l2
)
r4H − 2πTHrH
(
r2H
κ2
− 6ck
)}
. (49)
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Then there is a critical line, where F = 0, when
TH = Tc ≡ 3
2π
(
r2H
κ2
− 6ck
)−1 (
1
κ2l2
− 2c
l4
)
r3H . (50)
Then if TH > Tc and r
2
H > 6ckκ (or TH < Tc and r
2
H < 6ckκ), the pure AdS
spacetime is more stable than the black hole spacetime and if TH < Tc and
r2H > 6ckκ (or TH > Tc and r
2
H < 6ckκ), vice versa.
We now investigate the phase structure in more details. For this purpose,
we will define a parameter ǫ as
ǫ ≡ cκ
2
l2
, (51)
and rescale rH and TH by
rH → lrH , TH → TH
l
. (52)
The critical temperature Tc in (50) can be rewritten as
Tc =
3 (1− 2ǫ) r3H
2π (r2H − 6kǫ)
. (53)
We now assume k = d − 2 = 2 > 0. When k = 2, Eqs.(37), (38), (39), (48),
(49), and (53) have the following forms:
e2ν = e−2λ
=
1
2c
{
2c+
r2
2κ2
±
√√√√ r4
4κ4
(
4cκ2
l2
− 1
)2
− 2cµ
κ2
(
4cκ2
l2
− 1
)
− 2cQ
2
3g2r2

 , (54)
0 = r6H −
r4H
2κ2
(
2c
l4
− 1
κ2l2
) − µ
(
4c
l2
− 1
κ2
)
r2H
2c
l4
− 1
κ2l2
− Q
2
3g2
(
2c
l4
− 1
κ2l2
) , (55)
4πTH =
(
e2ν
)′∣∣∣∣
r=rH
=
1
2
(
2c+
r2H
2κ2
)−1 [
2rH
κ2
− 8cr
3
H
l4
+
4r3H
κ2l2
− 2Q
2
3g2r3H
]
, (56)
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µ =
(
4c
l2
− 1
κ2
)−1 {
3
(
2c
l4
− 1
κ2l2
)
r4H −
2r2H
κ2
+ 4πTHrH
(
ck +
r2H
2κ2
)}
Q2
g2
= −6
(
2c
l4
− 1
κ2l2
)
r6H +
3r4H
κ2
− 12πTHr3H
(
2c+
r2H
2κ2
)
, (57)
F = −V3
{
−3
(
2c
l4
− 1
κ2l2
)
r4H − 2πTHrH
(
r2H
κ2
− 12c
)}
, (58)
Tc =
3 (1− 2ǫ) r3H
4π (r2H − 12ǫ)
. (59)
Then we have the following phase structure:
• When ǫ < 0
(
< 1
2
)
, Tc in (53) is always positive. Then if TH > Tc
(TH < Tc), the pure AdS (black hole) spacetime is more stable than
black hole (pure AdS) spacetime.
• When 0 < ǫ < 1
2
, the critical temperature Tc is positive when r
2
H >
12ǫ and there is a critical line, where if TH > Tc (TH < Tc), the pure
AdS (black hole) spacetime is more stable than the black hole (pure
AdS) spacetime. When r2H < 12ǫ, Tc is negative, then the black hole
spacetime is always stable.
• When ǫ > 1
2
, if r2H > 12ǫ, Tc is negative and the pure AdS spacetime is
more stable than the black hole spacetime. If r2H < 12ǫ, Tc is positive
and if TH > Tc (TH < Tc), the black hole (pure AdS) spacetime is more
stable than the pure AdS (black hole) spacetime.
The conceptual Hawking-Page phase diagrams are given in Figure 1 for
ǫ < 1
2
case and in Figure 2 for ǫ > 1
2
case.
We should note that the above non-trivial phase diagrams can be obtained
since there is a charge. For the case that the charge vanishes, the Hawking
temperature TH can be obtained as a function of the horizon radius rH :
TH =
2 (2ǫ− 1) r3H − krH
2π (r2H + 2kǫ)
, (60)
which can be obtained from (48) by putting Q = 0 and by using the rescaling
in (51) and (52). Then although there is a critical point corresponding to
Hawking-Page phase transition [7], there does not appear the critical line as
17
TH
rH✲
✻ pure AdS phase
AdS black hole phase
ǫ < 0 case
TH
rH✲
✻
AdS black hole phase
pure AdS
phase
r2H = 12ǫ
0 < ǫ < 1
2
case
✻
Figure 1: The phase diagrams when ǫ < 1
2
TH
rH✲
✻
pure AdS phase
AdS
black
hole
phase
r2H = 12ǫ
✻
Figure 2: The phase diagrams when ǫ > 1
2
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in the case of Q 6= 0. Note also, that in general HD gravity the structure
of Hawking-Page phase transitions is getting also quite complicated [12]. It
would be interesting to investigate the role of higher derivative terms in
charged AdS BHs considered in refs.[10, 11]. As the final remark we note
that the sign of BH entropy should be checked for all phases in the above
phase diagrams. That will be done in section eight.
3 Higher derivative electromagnetic terms
In the string theory, R2-terms appear as α′-corrections in the low energy
effective action. In other words, there is good motivation to study higher
derivative gravity. However, for some versions of superstring there appear
also gauge fields as well as higher order terms for the gauge fields. Hence, the
natural question maybe about existence of charged AdS BHs in the presence
of such higher derivative gauge terms. Let us show that it is possible. As
an extension of the above case where the usual F 2 action couples with R2
gravity, we add F 4-terms to the matter action in (21)
Smatter = − 1
4g2
∫
dd+1x
√−ggµνgρσFµρFνσ (61)
+
∫
dd+1x
√−g
(
αgµνgρσgητgζξ + βgξµgρνgσηgζτ
)
FµρFνσFηζFτξ .
Then the energy-momentum tensor is given by
T µν = − 1
4g2
(
1
2
gµνFρσF
ρσ − 2F µσF νσ
)
+α
{
1
2
gµν (FρσF
ρσ)2 − 4F µσF νσFρτF ρτ
}
+β
{
1
2
gµνFξρF
ρσFσζF
ζξ − 4F µσFσζF ζξF νξ
}
, (62)
and by the variation over Aµ, one has the following equation:
0 = ∂ν
{√−g
(
− 1
g2
F νµ + 8αF νµ (FρσF
ρσ) + 8βFρσF
νρF σµ
)}
. (63)
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Assuming that Ftr = −Frt only depends on r and other components in the
field strength Fµν vanish. Eq.(63) gives
0 =
d
dr
{
1
g2
r3e−(ν+λ)Ftr + 8 (2α + β) r
3e−3(ν+λ)F 3tr
}
, (64)
that is,
1
g2
r3e−(ν+λ)Ftr + 8 (2α + β) e
−3(ν+λ)F 3tr =
Q
r3
. (65)
Here Q is a constant of the integration. Eq.(65) can be solved, by using ζ in
(41), as
Ftr = e
ν+λf(r) ,
f(r) = β+ + β− , β+ζ + β−ζ
2 , β+ζ
2 + β−ζ ,
β3± =
1
16(2α+ β)r3

1±
√√√√1 + r6
54(2α+ β)g2

 . (66)
Then the energy-momentum tensor is
T tt = e−2ν
{
1
4g2
f(r)2 + 3 (2α + β) f(r)4
}
,
T rr = −e−2λ
{
1
4g2
f(r)2 + 3 (2α+ β) f(r)4
}
,
T ij =
{
1
4g2
f(r)2 + (2α + β) f(r)4
}
g˜ij
r2
. (67)
Since Eq.(18) is satisfied, we have ν = −λ in (19). Then from Eq.(20) with
d = 4, we find
0 = 2c
{
−2ke−2λ + 2e−4λ
}
− 3
κ2
r2e−2λ +
3
2
ck2 +
3k
2κ2
r2
−Λ
4
r4 +
Q2
g2r2
− 2
∫
drr3
{
1
4g2
f(r)2 + 3 (2α+ β) f(r)4
}
. (68)
This equation demonstrates that charged AdS BH maybe constructed even
when higher derivative gauge field terms present. All calculations of the
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previous section may be repeated but the obtained results are extremely
complicated so we will not present more details on this.
It would be also very interesting to consider the FRW brane universe
embedded into charged 5d AdS BH. Recently in [13], the brane dynamics in
the context of the Randall-Sundrum model [14] has been discussed in frames
of Einstein-Gauss-Bonnet gravity. However, the charge has not been taken
into account. The early time brane-world cosmology in our theory will be
discussed elsewhere [15].
4 dS/CFT correspondence and localization
of brane gravity
AdS/CFT duality (for a review, see [1]) relates quantum gravity on AdS D-
dimensional space with boundary CFT living in one dimension less. In the
recent works [2, 3] (for further development, see [16]) it has been suggested
dS/CFT correspondence in the similar sense as above AdS/CFT correspon-
dence. The fact that quantum gravity in de Sitter space may have some
holographic dual has been also mentioned in several papers [17]. The reason
why AdS/CFT can be expected is the isometry of d+ 1-dimensional anti-de
Sitter space, which is SO(d, 2) symmetry. It is identical with the conformal
symmetry of d-dimensional Minkowski space. We should note, however, the
d+1-dimensional de Sitter space has the isometry of SO(d+1, 1) symmetry,
which can be a conformal symmetry of d-dimensional Euclidean space. Then
it might be natural to expect the correspondence between d+1-dimensional
de Sitter space and d-dimensional euclidean conformal symmetry (dS/CFT
correspondence[2]). In fact, the metric of D = d + 1-dimensional anti de
Sitter space (AdS) is given by
ds2AdS = dr
2 + e2r
(
−dt2 +
d−1∑
i=1
(
dxi
)2)
. (69)
In the above expression, the boundary of AdS lies at r =∞. If one exchanges
the radial coordinate r and the time coordinate t, we obtain the metric of
the de Sitter space (dS):
ds2dS = −dt2 + e2t
d∑
i=1
(
dxi
)2
. (70)
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Here xd = r. Then there is a boundary at t = ∞, where the Euclidean
conformal field theory (CFT) can live and one expects dS/CFT correspon-
dence. Note that the patch given by (70) only covers half of de Sitter space.
Replacing t by −t, we obtain a patch which covers the other half of the de
Sitter space.
Having such deep similarity between AdS and dS spaces (black holes) it
is natural to extend the above discussion for dS black holes. Before going
to it let us give several remarks about localization of gravity on dS brane
embedded into SdS bulk. This is the crucial property of gravity in AdS/CFT
correspondence.
AdS5/CFT4 correspondence tells us that the effective action WCFT of
CFT in 4 dimensions is given by the path integral of the supergravity in 5
dimensional AdS space:
e−WCFT =
∫
[dg][dϕ]e−Sgrav , (71)
Sgrav = SEH + SGH + S1 + S2 + · · · ,
SEH =
1
16πG
∫
d5x
√
g(5)
(
R(5) +
12
l2
+ · · ·
)
,
SGH =
1
8πG
∫
d4x
√
g(4)∇µnµ,
S1 = − 1
8πG
∫
d4x
√
g(4)
(
3
l
+ · · ·
)
,
S2 = − l
16πG
∫
d4x
√
g(4)
(
1
2
R(4) + · · ·
)
,
· · · .
Here 16πG = κ2 and ϕ expresses the (matter) fields besides the graviton. SEH
corresponds to the Einstein-Hilbert action and SGH to the Gibbons-Hawking
surface counter term and nµ is the unit vector normal to the boundary. S1,
S2, · · · correspond to the surface counter terms, which cancell the divergences
when the boundary in AdS5 goes to the infinity.
In [18], two 5 dimensional balls B
(1,2)
5 are glued on the boundary, which
is 4 dimensional sphere S4. Instead of Sgrav, if one considers the following
action S
S = SEH + SGH + 2S1 = Sgrav + S1 − S2 − · · · , (72)
for two balls, using (71), one gets the following boundary theory in terms of
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the partition function [18]:
∫
B
(1)
5 +B
(1)
5 +S4
[dg][dϕ]e−S
=
(∫
B5
[dg][dϕ]e−SEH−SGH−S1
)2
= e2S2+···
(∫
B5
[dg][dϕ]e−Sgrav
)2
= e−2WCFT+2S2+··· . (73)
Since S2 can be regarded as the Einstein-Hilbert action on the boundary,
which is S4 in the present case, the gravity on the boundary becomes dy-
namical. The 4 dimensional gravity is nothing but the gravity localized on
the brane in the Randall-Sundrum model [14].
For N = 4 SU(N) Yang-Mills theory, the AdS/CFT dual is given by
identifying
l = g
1
2
YMN
1
4 ls ,
l3
G
=
2N2
π
. (74)
Here gYM is the coupling of the Yang-Mills theory and ls is the string length.
Then (73) tells that the RS model is equivalent to a CFT (N = 4 SU(N)
Yang-Mills theory) coupled to 4 dimensional gravity including some correc-
tion coming from the higher order counter terms with a Newton constant
given by
G4 = G/l . (75)
This is an excellent explanation [18] to why gravity is trapped on the
brane.
Recently, in [19], it has been pointed out that even in de Sitter space,
the bulk action diverges when we substitute the classical solution, which is
the fluctuation around the de Sitter space in (70) and we need counterterms
again. The divergence occurs since the volume of the space diverges when
t → ∞ (or t → −∞ after replacing t by −t in another patch). Then one
should put the surface counterterms on the space-like branes which lie at
t→ ±∞. Then dS/CFT correspondence should be given by, instead of (71)
e−WCFT =
∫
[dg][dϕ]e−SdSgrav , (76)
SdS grav = SEH + SGH + S1 + S2 + · · · ,
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SEH =
1
16πG
∫
d5x
√
−g(5)
(
R(5) − 12
l2
+ · · ·
)
,
SGH =
1
8πG
∫
M+4 +M
−
4
d4x
√
g(4)∇µnµ,
S1 =
3
8πGl
∫
M+4 +M
−
4
d4x
√
g(4),
S2 =
l
32πG
∫
M+4 +M
−
4
d4x
√
g(4)
(
R(4) + · · ·
)
,
· · · .
Here S1, S2, · · · correspond to the surface counter terms, which cancell the
divergences in the bulk action and M±4 expresses the boundary at t→ ±∞.
Let us consider two copies of the de Sitter spaces dS(1) and dS(2). We also
put one or two of the space-like branes, which can be regarded as boundaries
connecting two bulk de Sitter spaces, at finite t. Then if one considers the
following action S instead of SdS grav in (76),
S = SEH + SGH + 2S1 = SdS grav + S1 − S2 − · · · , (77)
one obtains the following boundary theory in terms of the partition function:
∫
dS
(1)
5 +dS
(1)
5 +M
+
4 +M
−
4
[dg][dϕ]e−S
=
(∫
dS5
[dg][dϕ]e−SEH−SGH−S1
)2
= e2S2+···
(∫
dS5
[dg][dϕ]e−Sgrav
)2
= e−2WCFT+2S2+··· . (78)
Since S2 can be regarded as the Einstein-Hilbert action on the boundary, the
gravity on the boundary becomes dynamical again.
Hence, we demonstrated that in frames of dS/CFT correspondence the
gravity trapping on the brane embedded into dS bulk occurs in the similar
way as in Randall-Sundrum scenario. It would be interesting to give also the
direct proof of this property, using gravitational perturbations.
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5 Thermodynamics of de Sitter space for Ein-
stein gravity
D-dimensional de Sitter space can be realized by embedding it into the flat
(D + 1)-dimensional spacetime, whose metric is given by
ds2 = −
(
dX0
)2
+
D∑
i=1
(
dX i
)2
. (79)
Here Xµ (µ = 0, 1, 2, · · · , D) are orthogonal coordinates in (D + 1) dimen-
sional spacetime. D-dimensional de Sitter space is the surface given by a
constraint
l2 = −
(
X0
)2
+
D∑
i=1
(
X i
)2
. (80)
We now choose unconstrained coordinates by defining
XD +X0 = e
τ
l , X i = e
τ
l xi (i = 1, 2, · · · , D − 1) (81)
and by solving XD −X0 with respect to t and xi:
XD −X0 = l2e− τl − e τl
D−1∑
i=1
(
xi
)2
. (82)
Then the metric (79) induces the following metric of the de Sitter space:
ds2dS1 = −dτ 2 + e
2τ
l
D−1∑
i=1
(
dxi
)2
. (83)
There are several expressions for the de Sitter space. Instead of (81), we now
choose the polar (spherical) coordinates for X i (i = 1, 2, · · · , D−1) as follows
D−1∑
i=1
(
dX i
)2
= dr2 + r2dΩ2D−2 . (84)
Here dΩ2D−2 is the metric of the (D − 2)-dimensional sphere and the radial
coordinate r is given by
r2 =
D−1∑
i=1
(
X i
)2
. (85)
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One can choose
XD +X0 =
√
l2 − r2e tl , XD −X0 = √l2 − r2e− tl (86)
if l2 > r2 or
XD +X0 =
√
r2 − l2e tl , XD −X0 = −√r2 − l2e− tl (87)
if l2 < r2. Eqs.(85) and (86) or (87) satisfy the constraint (80). Then the
metric (79) induces the following metric of the de Sitter space:
ds2dS2 = −
(
1− r
2
l2
)
dt2 +
(
1− r
2
l2
)−1
dr2 + r2dΩ2D−2 , (88)
which corresponds to the metric of Schwarzshild-de Sitter space with the
balck hole mass µ = 0:
ds2SdS = −
(
1− r
2
l2
− µr2−d
)
dt2+
(
1− r
2
l2 − µr2−d
)−1
dr2+r2dΩ2D−2 . (89)
Using Eqs. (81), (85) and (86) or (87), one finds the relations between two
coordinate systems (83) and (89):
r2 = e
2τ
l
D−1∑
i=1
(
xi
)2
, e
2t
l = ± e
2τ
l
l2 − e 2τl ∑D−1i=1 (xi)2 . (90)
In the second equation of (90) the plus (minus) sign corresponds to the case
of l2 > r2 (l2 < r2). In the coordinate system (83), conformal field theory
would exist on the brane at t→ +∞ with fixed xi. In the limit, the equations
(90) have the following forms:
r2 = e
2τ
l
D−1∑
i=1
(
xi
)2
, e
2t
l → 1∑D−1
i=1 (x
i)2
. (91)
Therefore the CFT brane corresponds to r → +∞ in the coodinate system
in (89). This tells that the CFT brane should exist outside the cosmological
brane at r = l.
Since there are two horizons in the Schwarzschild-de Sitter spacetime,
there are two Hawking temperatures. Then if we put a brane into such the
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spacetime, what is the temperature measured on the brane? Before going
to the Gauss-Bonnet theory we consider the 5-dimensional Einstein theory,
where the Schwarzschild-de Sitter spacetime (89) is given by
ds2Einstein = −e2ρdt2 + e−2ρdr2 + r2dΩ23 , e2ρ = 1−
µ
r2
− r
2
l2
. (92)
Then there is a black hole horizon at
r2 = r2bh ≡
l2 −√l2 − 4µl2
2
(93)
and a cosmological horizon at
r2 = r2csm ≡
l2 +
√
l2 − 4µl2
2
. (94)
Then the corresponding Hawking temperatures are given by
4πTbh,csm =
∣∣∣∣∣ 2µr3bh,csm −
2rbh,csm
l2
∣∣∣∣∣ = 2
√
l4 − 4µl2
l2rbh,csm
. (95)
Eq.(95) suggests that the temperature measured on the brane should be
T =
rbh
r
Tbh =
rcsm
r
Tcsm . (96)
In [19], by using the surface energy-momentum tensor, the mass E of the
Schwarzschild-de Sitter spacetime (in planar coordinates) has been calcu-
lated:
E =
3πl2
32G
− 3πµ
8G
, (97)
which can be regarded as the thermodynamical energy. Here 16πG = κ2.
As one sees the mass of Nariai BH is zero (in four dimensions it becomes
negative using similar formula) while de Sitter space mass is positive (it is
zero in four dimensions). Note that recently there appeared very complete
treatment of conserved BH mass in different dimensions[20].
Let us assume the entropy is given in terms of the horizon area
Sbh,csm =
π2r3bh,csm
4G
. (98)
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Here Sbh (Scsm) corresponds to the black hole (cosmological) horizon. Then
one gets
dSbh,csm
dE
=
dSbh,csm
dµ
dE
dµ
= ∓ 1
Tbh,cms
. (99)
In (99), the minus (plus) sign corresponds to the black hole (cosmological)
horizon. Then the entropy Scsm reproduces the usual thermodynamical rela-
tion dS
dE
= 1
T
. This indicates that the brane should be outside the cosmological
horizon, as in the CFT boundaries, and only the cosmological horizon can
be observed from the brane while the black hole horizon cannot be observed.
The expression for the energy (mass) of 3d SdS BH obtained in [21]
follows the expression in [19] and so-called black hole mass parameter, which
corresponds to µ in (97), enters in the expression with the minus sign as in
(97). In 3d Shwarzschild-de Sitter black hole, there does not appear the black
hole horizon and the horizon appeared there corresponds to the cosmological
one as the radius is finite even in the limit of µ = 0. Then the Hawking
temperature is unique and it corresponds to the cosmological one. Then the
results in [21] are consistent with our Eqs. (96)-(99). From the viewpoint
of dS/CFT, the entropy seems to correspond to the cosmological one. This
is probably because the CFT brane is spacelike and it should lie outside the
cosmological horizon. Nevertheless, this does not mean the dynamical brane,
as Schwarzschild-AdS in [22], must be outside the cosmological horizon when
one studies the brane FRW-like equation.
6 Mass of SdS Black Hole in Gauss-Bonnet
gravity
After above remarks on the properties of SdS BHs in Einstein gravity, one
can account for the modifications which occur in Gauss-Bonnet gravity.
When Λ is positive or c is negative, we can find l2 (35) can be formally
negative. Then the spacetime can be asymptotically de Sitter. By replacing
l2 in (35) with −l2:
1
l2
= − 1
4cκ2

1±
√
1 +
2cΛκ4
3

 , (100)
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instead of (37), we obtain
e2ν = e−2λ
=
1
2c
{
2c+
r2
2κ2
±
√√√√ r4
4κ4
(
4cκ2
l2
+ 1
)2
+
2cµ
κ2
(
4cκ2
l2
+ 1
)
− 2cQ
2
3g2r2

 , (101)
0 = r6H −
1
κ2
(
2c
l4
+ 1
κ2l2
)r4H + µ
(
6c
l2
+ 3
2κ2
)
2c
l4
+ 1
κ2l2
r2H
− Q
2
3g2
(
2c
l4
+ 1
κ2l2
) , (102)
4πTH =
(
e2ν
)′∣∣∣∣
r=rH
=
1
2
(
2c+
r2H
2κ2
)−1 [
2rH
κ2
− 8cr
3
H
l4
− 4r
3
H
κ2l2
− 2Q
2
3g2r3H
]
. (103)
Here we put k = 2 since the horizon should be 3d sphere in the de Sitter
background. In R2-gravity, whose action is given by (1), the effective coupling
constant can be given by the following replacement [6]
1
16πG
=
1
κ2
→ 1
κ2
+
40a
l2
+
8b
l2
+
4c
l2
. (104)
In case of the Gauss-Bonnet theory (a = c and b = −4c), we obtain
1
16πG
=
1
κ2
→ 1
κ2
+
12c
l2
. (105)
Since the asymptotic behavior is de Sitter, we may conjecture to be able to
use the formula in (97) and obtain the expression of the mass
E =
(
1
κ2
+
12c
l2
)(
3π2l2
2
− 6π2µ
)
. (106)
Furthermore by using (100) for l2 and (35) for µ, one gets
E =
1
κ2

4± 3
√
1 +
2cΛκ4
3



 6π2
Λκ2

1∓
√
1 +
2cΛκ4
3

∓ 2π2κ2C˜√
1 + 2cΛκ
4
3

 .
(107)
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In the next section we will prove this formula (actually, its more general
variant for HD gravity) using the surface counterterms in the R2-gravity
[6, 23]. The energy (106) is zero when 1
κ2
+ 12c
l2
= 0 or pi
2l2
2
− 2π2µ = 0.
The latter corresponds to the Nariai space as in [19], which tells that the
Nariai space is real ground state whose energy is lower than the pure de
Sitter spacetime. Nevertheless, as one sees at the critical point BH mass
disappears for any SdS BH in GB gravity. This is probably related with the
fact that HD gravity in general may not respect strong energy condition what
results in the famous unitarity problem in four dimensions. The phenomena
similar to the former case 1
κ2
+ 12c
l2
= 0 occurs in Schwarzschild-AdS spacetime
[6], where the classical action vanishes then at the critical point
cκ2
l2
= − 1
12
. (108)
Then at the critical point, the black holes could be generated.
Even if the charge of the black hole vanishes, the Schwarzschild-de Sitter
solution has two horizons, the black hole horizon and the cosmological one.
The limit where the radius of the black hole horizon coincides with that of the
cosmological one is called Nariai limit. We now consider the corresponding
limit in the solution of (101). For simplicity, we consider the Q = 0 case.
Then Eq.(102) can be easily solved and we find the radii of the two horizons
are given by
r2H =
(
r±H
)2 ≡ 1±
√
1− 4κ2µ
(
2c
l4
+ 1
κ2l2
) (
6c
l2
+ 3
2κ2
)
2κ2
(
2c
l4
+ 1
κ2l2
) . (109)
Then the limit corresponding to the Nariai limit, where(
r+H
)2
=
(
r−H
)2
=
1
2κ2
(
2c
l4
+ 1
κ2l2
) , (110)
appears when
µ→ µc ≡ 1
4κ2
(
6c
l2
+ 3
2κ2
) (
2c
l4
+ 1
κ2l2
) . (111)
Then the Hawking temperature TH (103) vanishes, what is consistent since
even in the Einstein gravity, the Hawking temperature vanishes in the Nariai
limit. One should also note that the energy E (106) does not vanish when
we substitute µ (111) into this expression.
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7 Surface counterterms in higher derivative
gravity on SAdS and SdS backgrounds
Let us discuss SAdS and SdS BHs in HD gravity using surface counterterms
found in [23, 6]. We start from the general R2 part of the total action of
d+ 1 dimensional R2-gravity:
SR2 =
∫
dd+1x
√−g
{
aR2 + bRµνR
µν + cRµνξσR
µνξσ
}
. (112)
By introducing the auxiliary fields A, Bµν , and Cµνρσ, one can rewrite the
action (112) in the following form:
S˜R2 =
∫
dd+1x
√−g
{
a
(
2AR−A2
)
+ b (2BµνR
µν − BµνBµν)
+c
(
2CµνξσR
µνξσ − CµνξσCµνξσ
)}
. (113)
Using the equation of the motion
A = R , Bµν = Rµν , Cµνρσ = Rµνρσ , (114)
we find the action (113) is equivalent to (112). Let us impose a Dirichlet type
boundary condition, which is consistent with (114), A = R|at the boundary,
Bµν = tRµν |at the boundary, and Cµνρσ = Rµνρσ|at the boundary and δA = δBµν =
δCµνρσ = 0 on the boundary. However, the conditions for Bµν and Cµνρσ
are, in general, inconsistent. For example, even if δBµν = 0, we have
δB νµ = δg
νρBµρ 6= 0. Then one can impose boundary conditions on the
scalar quantities:
A = B µµ = C
µ ν
µ ν = R , n
µnνBµν = n
µnνC ρµρν = n
µnνRµν . (115)
and
δA = δ
(
B µµ
)
= δ
(
Cµ νµ ν
)
= δ (nµnνBµν) = δ
(
nµnνC ρµρν
)
= 0 . (116)
Here nµ is a unit vector perpendicular to the boundary. In order to realize
the above boundary conditions (116), we divide Bµν and Cµνρσ as follows:
Bµν = B˜µν +
1
d
(B1 − B2) gµν − 1
d
(B1 − (d+ 1)B2)nµnν
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Cµνρσ = C˜µνρσ +
1
d(d− 1) (C1 − 2C2) (gµρgνσ − gµσgνρ)
− 1
d(d− 1) (C1 − (d+ 1)C2) (nµnρgνσ + nνnσgµρ
−nµnσgνρ − nνnρgµσ) . (117)
Here
B1 ≡ B µµ , B2 ≡ nµnνBµν , C1 ≡ Cµ νµ ν , and, C2 ≡ nµnνC ρµρν , (118)
and B˜µν and C˜µνρσ are defined by (118) and satisfy the following equations:
B˜ µµ = n
µnνB˜µν = 0 , C˜
µ ν
µ ν = n
µnνC˜ ρµρν = 0 . (119)
If there appear B˜µν and C˜µνρσ in the final expressions, there are some ambi-
guities in the expression.
Using the conventions of curvatures in (10), one can further rewrite the
action (113) in the following form:
S˜R2 = 2
∫
surface
ddx
√
−g(d)
(
−Γλµρnν + Γλµνnρ
)
× (aδρλgµνA+ bδρλBµν + cCλ µρν)
+
∫
dd+1 [· · ·] . (120)
Here g(d)mn is the d-dimensional boundary metric induced by gµν . Now the
bulk part of the action denoted by [· · ·] does not contain the second order
derivative of gµν . Then the variational principle becomes well-defined if we
add the following boundary term to the Einstein action:
S˜bndry = −2
∫
surface
ddx
√
−g(4)
(
−Γλµνnν + Γλµνnρ
)
×
(
aδρλg
µνA + bδρλB
µν + cCˆµρνλ
)
. (121)
The action (121) breaks the general covariance. We should note, however,
that
∇µnν = ∂µnν − Γλµνnλ , ∇µnν = ∂µnν + Γνµλnλ . (122)
Then at least for the following metric
ds2 =
(
1 +O(y2)
)
dy2 + gˆmn(y, x
m)dxmdxn . (123)
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one can write the boundary action (121) as
SˆR2 bndry =
∫
ddx
√
−g(4)
[
4a∇µnµA+ 2b
(
nµnν∇λnλ +∇µnν
)
Bµν
+4cnσnρ∇µnνCσµρν ] . (124)
Before going forward, we consider the variation of nµ and ∇µnν . Let us
assume the boundary or the brane is given by a scalar function by
f(xµ) = 0 . (125)
Then on the boundary, we have ∂µfdx
µ = 0, that is, the vector ∂µf is
perpendicular to the surface, that is, nµ ∝ ∂µf . Since nµ = nµ = 1, we find
nµ =
∂µf√
gρσ∂ρf∂σf
. (126)
Then under the variation over gµν , one gets
δnµ =
∂ξf∂ζfδgξζ∂µf
(gρσ∂ρf∂σf)
3
2
=
1
2
nµn
ξnζδgξζ . (127)
Then, since δΓκµν =
1
2
gκλ (∇µδgνλ +∇νδgµλ −∇λδgµν), we have
δ (∇νnµ) = ∇ν
(
nµn
ξnζδgξζ
)
− 1
2
nλ (∇µδgνλ +∇νδgµλ −∇λδgµν) . (128)
Choosing d+ 1 = 5, we start again with the following bulk action:
S =
∫
d5x
√−g
{
a
(
2AR− A2
)
+ b (2BµνR
µν − BµνBµν)
+c
(
2CµνξσR
µνξσ − CµνξσCµνξσ
)
+
1
κ2
R− Λ
}
. (129)
We also add the surface terms S
(1)
b corresponding to Gibbons-Hawking sur-
face term and (124) as well as S
(2)
b which is the leading counterterm corre-
sponding to the vacuum energy on the brane:
Sb = S
(1)
b + S
(2)
b
S
(1)
b =
∫
d4x
√−g [4a∇µnµA+ 2b (nµnν∇σnσ +∇µnν)Bµν
+8cnµnν∇τnσCµτνσ + 2
κ2
∇µnµ
]
S
(2)
b = −
∫
d4x
√
−g(4)
(
η1 + η2R(4)
)
. (130)
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Here η1 and η2 are constants, which can be determined by the condition that
the total action is finite.
Under the variation of δgµν , the variation of the bulk action (129) gives
the following contribution on the boundary:
δS|boundary =
∫ √
−g(4)
[(
1
κ2
+ 2aA
)
(nµ∇νδgµν − nρ∇ρ (gµνδgµν))
+2a {−∇µAnνδgµν + nρ∇ρAgµνδgµν}
+2b
{
Bρµnν∇ρδgµν − 1
2
nτBµν∇τδgµν − 1
2
nρB
ρσ∇σ (gµνδgµν)
−nρ∇νBρµδgµν + 1
2
nρ∇ρBµνδgµν + 1
2
nρ∇σBρσ (gµνδgµν)
}
+c {Cµνρσ (nρ∇νδgσµ − nρ∇µδgσν − nσ∇νδρµ + nσ∇µδgρν)
−nν∇ρCµνρσδgσµ + nµ∇ρCµνρσδgσν
+nν∇σCµνρσδgρµ − nµ∇σCµνρσδgρν}] . (131)
The contribution from the surface terms in (130) is given by
δSb =
∫ √
−g(4)
[{
2
κ2
+ 4aA+
2b (B1 + (d− 1)B2)
d
+
8cC2
d
}{
1
2
∇ρnρ (gmnδgmn −∇µnνδgµν
+
1
2
∇ν (nνnρnσδgρσ)− 1
2
(2∇µδgµλ −∇λ (gµνδgµν))
}
+2b
{
1
2
∇ρnσB˜ρσgmnδgmn −∇µnρB˜νρδgµν −∇ρnµB˜ρνδgµν
+
1
2
∇ν
(
nµn
ρnσδgρσB˜
νµ − 1
2
nλ (2∇νδgµλ −∇λδgνµ) B˜νµ
)}
+8c
{
1
2
∇µnνC˜ρµσνnρnσgmnδgmn −∇µnρC˜ η ρτ σ nτnσδgµη
−∇ρnµC˜ ρ ντ σ nτnσδgµν −∇µnνC˜τµσνnρnσδgτρ −∇µnνC˜ τρµ νnρnσδgτσ
+
1
2
C˜ ν µη ζ ∇ν
(
nµn
ρnσδgρσn
ηnζ
)
+∇µνC˜ρµσνnρnσnζnξδζξ
−1
2
nλ (∇νδgµλ +∇µδgνλ −∇λδgνµ) C˜ ν µρ σ nρnσ
}
−
{
η1
2
gmn + η2
(
−Rmn(4) +
1
2
gmn
)}
δgmn
]
. (132)
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Here m,n = i, j, t, gmn is the metric induced on the boundary and we have
used the decompositions of Bµν and Cµνρσ in (117) and we have assumed B1,
B2, C1, C2 and also B˜µν and C˜µνρσ.
One now considers the black hole like solution in the asymptotically anti-
de Sitter space, as in (31) or (37) with Q2 = q2 = 0, whose asymptotic
behavior when r is large is given by
e2ν = e−2λ =
r2
l2
+
k
2
− µ
r2
+O
(
r−4
)
. (133)
We also put the boundary where r is constant and finite. One takes a limit
of r →∞ later. Then
A = B2 = C2 = −20
l2
, B2 = C2 = − 4
l2
C˜trtr = −3µ
r2
, C˜irjr = − µ
r2
g˜ij . (134)
Then if we define the surface energy momentum tensor by
Tmn = Tmn1 + T
mn
2 , T
mn
1 ≡ 2
δS
δgmn
∣∣∣∣∣
boundary
, Tmn2 ≡ 2
δSb
δgmn
, (135)
one gets
Tmn1 =
(
1
κ2
− 40a
l2
− 8b
l2
− 4c
l2
)
(2gmn∇µnµ − 2∇mnn) ,
Tmn2 = −η1gmn − 2η2
(
1
2
gmnR(4) −Rmn(4)
)
. (136)
Note that there are no contributions from B˜µν and C˜|muνρσ. Especially we
have
T tt1 =
(
− 1
κ2
+
40a
l2
+
8b
l2
+
4c
l2
)
6
lr2
(
1− kl
2
4r2
+
3k2l2 + 16µl2
32r4
)
+O
(
r−8
)
,
T tt2 =
η1l
2
r2
(
1− kl
2
2r2
+
k2l4 + 4µl2
32r4
)
+
3η2
2r4
(
1− kl
2
2r2
)
+O
(
r−8
)
. (137)
Then if we choose
η1 =
6
l
(
1
κ2
− 40a
l2
− 8b
l2
− 4c
l2
)
, η2 = kl
2
(
1
κ2
− 40a
l2
− 8b
l2
− 4c
l2
)
, (138)
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one obtains
T tt =
3
4lr6
(
1
κ2
− 40a
l2
− 8b
l2
− 4c
l2
)
. (139)
As in [24, 19], the mass M can be evaluated at the 3d surface where t is a
constant:
M =
∫
dx3
√
g˜r3eνT tt (ξt)
2 . (140)
Here ζµ is a unit vector parallel with the time coordinate t and therefore
ζ t = e−ν (ζt = e
ν) and ζµ = ζµ = 0 (µ 6= t). Note
√
g˜eν =
√
det gmn. Then
M =
3l2
16
V3
(
1
κ2
− 40a
l2
− 8b
l2
− 4c
l2
)(
k2 +
16µ
l2
)
(141)
Here V3 is a volume of 3d surface with unit radius. When the surface is 3d
sphere one has k = 2 and V3 = 2π
2. Then the expression in (141) has the
following form:
Mk=2 =
3l2
4
V3
(
1
κ2
− 40a
l2
− 8b
l2
− 4c
l2
)(
1 +
4µ
l2
)
, (142)
which reproduces the previous results when a = b = c = 0 [24]. When we
consider 5d de Sitter space instead of AdS space, similar calculation leads to
Mk=2,dS =
3l2π2
2
(
1
κ2
+
40a
l2
+
8b
l2
+
4c
l2
)(
1− 4µ
l2
)
, (143)
which reproduces the naive conjecture in (106) for the Gauss-Bonnet case.
When k = 0 in (141),
Mk=0
V3
= 3l2
(
1
κ2
− 40a
l2
− 8b
l2
− 4c
l2
)
µ
l2
. (144)
We should note that M vanishes in the critical case that
1
κ2
− 40a
l2
− 8b
l2
− 4c
l2
= 0 , (145)
where enormous number of black holes might be produced since all the black
holes become massless. Thus, using surface counterterms method we calcu-
lated the conserved mass for HD gravity which generalizes the corresponding
Einstein theory result for 5d SAdS and SdS BHs.
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8 The tale of negative entropy or de
Sitter/Anti- de Sitter Black Holes phase
transition?
In this section, we study the relation between SdS and SAdS BHs based on
entropy considerations. Before going to the Gauss-Bonnet case, we consider
c = 0 case in (82) without matter Smatter = 0. When c = 0, Schwarzschild-
anti de Sitter space is an exact solution:
ds2 = Gˆµνdx
µdxν
= −e2ρ0dt2 + e−2ρ0dr2 + r2
d−1∑
i,j
gijdx
idxj ,
e2ρ =
1
rd−2
(
−µ + kr
d−2
d− 2 +
rd
l2
)
. (146)
The curvatures have the following form:
Rˆ = −d(d+ 1)
l2
, Rˆµν = − d
l2
Gˆµν . (147)
In (146), µ is the parameter corresponding to mass and the scale parameter
l is given by solving the following equation:
0 =
d2(d+ 1)(d− 3)a
l4
+
d2(d− 3)b
l4
− d(d− 1)
κ2l2
− Λ . (148)
We also assume gij corresponds to the Einstein manifold, again. In the
following we concentrate on the case of d = 4.
By using the method parallel with section 2, we found the free energy has
the following form:
F = −V3
8
r2H
(
r2H
l2
− k
2
)(
8
κ2
− 320a
l2
− 64b
l2
)
. (149)
Then the entropy S = − dF
dTH
and the thermodynamical energy E = F + TS
can be obtained as follows:
S = 4V3πr3H
(
1
κ2
− 40a
l2
− 8b
l2
)
, (150)
E = 3V3µ
(
1
κ2
− 40a
l2
− 8b
l2
)
, (151)
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This seems to indicate that the contribution from the R2-terms can be ab-
sorbed into the redefinition:
1
κ˜2
=
1
κ2
− 40a
l2
− 8b
l2
, (152)
although this is not true for c 6= 0 case.
One can also start from the expression for the mass M (141) with c = 0
as the thermodynamical energy E:
E = 3V3
(
1
κ2
− 40a
l2
− 8b
l2
)(
k2l2
16
+
µ
l2
)
(153)
The expression of energy E (153) is different from that in (151) by a first µ-
independent term, which comes from the AdS background. Since the horizon
is defined by e2ρ = 0, using (146), one finds the parameter µ in terms of rH
µ =
kr2H
2
+
r4H
l2
, (154)
and the Hawking temperature in the following form:
TH =
(e2ρ)′|r=rH
4π
=
k
4πrH
+
rH
πl2
. (155)
Using the thermodynamical relation dS = dE
T
, we find
S =
∫
dE
TH
=
∫
drH
dE
dµ
dµ
drH
1
TH
=
V3πr
3
H
2
(
8
κ2
− 320a
l2
− 64b
l2
)
+ S0 . (156)
Here S0 is a constant of the integration. Up to the constant S0, the expression
(156) is identical with (150). We should note that the entropy S in (150)
becomes negative, when
8
κ2
− 320a
l2
− 64b
l2
< 0. . (157)
This is true even for the expression (156) for the black hole with large radius
rH since S0 can be neglected for the large rH .
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We now investigate in more details what happens when Eq.(157) is sat-
isfied. First we should note l2 is determined by (148), which has, in case of
d = 4, the following form:
0 =
80a+ 16b
l4
− 12
κ2l2
− Λ , (158)
There are two real solutions for l2 when(
6
κ2
)2
+ (80a+ 16b) Λ ≥ 0 . (159)
and the solutions are given by
1
l2
=
6
κ2
±
√(
6
κ2
)2
+ (80a+ 16b) Λ
80a+ 16b
. (160)
Suppose κ2 > 0. Then if
(80a+ 16b) Λ > 0 , (161)
one solution is positive but another is negative. Therefore there are both of
the asymptotically AdS solution and asymptotically dS one. Let us denote
the positive solution for l2 by l2AdS and the negative one by −l2dS:
l2 = l2AdS, −l2dS , l2AdS, l2dS > 0 . (162)
Then when the asymptotically AdS solution is chosen, the entropy (156) has
the following form:
SAdS = V3πr
3
H
2
(
8
κ2
− 320a+ 64b
l2AdS
)
. (163)
Here we have chosen S0 = 0. On the other hand, when the solution is
asymptotically dS, the entropy (156) has the following form:
SdS = V3πr
3
H
2
(
8
κ2
+
320a+ 64b
l2dS
)
. (164)
When
8
κ2
− 320a+ 64b
l2AdS
< 0 , (165)
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the entropy SAdS (163) is negative!
There are different points of view to this situation. Naively, one can as-
sume that above condition is just the equation to remove the non-physical
domain of theory parameters. However, it is difficult to justify such proposal.
Why for classical action on some specific background there are parameters
values which are not permitted? Moreover, the string/M-theory and its com-
pactification would tell us what are the values of the theory parameters.
From another side, one can conjecture that classical thermodynamics is
not applied here and negative entropy simply indicates to new type of insta-
bility in asymptotically AdS black hole physics. Indeed, when Eq.(165) is
satisfied, since 80a + 16b > 0 (same range of parameters!), the entropy SdS
(164) for asymptotically dS solution is positive. In other words, maybe the
asymptotically dS solution would be preferrable?
On the other hand, when
8
κ2
+
320a+ 64b
l2dS
< 0 , (166)
the entropy SdS in (164) is negative and the asymptotically dS solution is
instable (or does not exist). (Again, one can say that above condition defines
the admissible parameter values). In this case, since 80a + 16b < 0, the
entropy SAdS in (163) for asymptotically AdS solution is positive and the
asymptotically AdS solution would be preferrable. Expression for the AdS
black hole mass in (151) or (153) tells that when 8
κ2
− 320a+64b
l2
AdS
= 0, the AdS
black hole becomes massless then there would occur the condensation of the
black holes, which would make the transition to the dS black hole. On the
other hand, when 8
κ2
+ 320a+64b
l2
dS
= 0, the dS black hole becomes massless then
there would occur the condensation of the black holes and the AdS black
hole would be produced. Note that above state with zero entropy (and also
zero free energy and zero conserved BH mass) is very interesting. Perhaps,
this is some new state of BHs. As we saw that is this state which defines
the border between physical SAdS (SdS) BH with positive entropy and SdS
(SAdS) BH with negative entropy.
Hence, there appeared some indication that some new type of phase
transition (or phase transmutation) between SdS and SAdS BHs in higher
derivative gravity occurs. Unfortunately, we cannot suggest any dynamical
formulation to describe explicitly such phase transition (it is definitely phase
transition not in standard thermodynamic sense).
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The remark is in order. In principle the string/M-theory and its com-
pactification should predict the values for theory parameters. It may occur
that for realistic compactification the above conditions are never satisfied
(and the entropy is always positive). From another side, once higher deriva-
tive terms dominate the thermodynamical expressions one should in principle
worry about higher powers of such terms.
Let us consider now the entropy for Gauss-Bonnet case. For this purpose,
we use the thermodynamical relation dS = dE
T
. For the Gauss-Bonnet case,
the energy (141) has the following form:
E = M =
3l2
16
V3
(
1
κ2
− 12c
l2
)(
k2 +
16µ
l2
)
(167)
Solving (38) with respect to µ, we have
µ =
1
2l2
(
kǫ− 1
2
)−1 {
(2ǫ− 1)r4H − kr2H l2 −
Q2κ2l2
3g2r2H
}
. (168)
Here ǫ is defined in (51). Then using (167), (168), and the expression of the
Hawking temperature (39), the entropy can be obtained as
S =
∫
dE
TH
=
∫
drH
dE
dµ
∂µ
∂rH
∣∣∣∣∣
Q2
1
TH
(169)
=
V3
κ2
(
1− 12ǫ
1− 4ǫ
) (
4πr3H + 24ǫkπrH
)
+ S0 . (170)
Here S0 is a constant of the integration, which could be chosen to be zero
if we assume S = 0 when rH = 0. The expression ∂ ·∂rH
∣∣∣
Q2
means the partial
derivative with respect to rH when Q
2 is fixed. In the integration in (169),
Q2 is fixed. When ǫ = 0 (c = 0), the expression reproduces the standard
result
S → 4πV3r
3
H
κ2
. (171)
The entropy (169) becomes negative (at least for the large black hole even if
S0 6= 0) when
1
12
< ǫ <
1
4
. (172)
Therefore the unitarity might be broken in this region but it might be recov-
ered when ǫ > 1
4
. In the phase diagram 1 in Section 2, the region in (172)
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seems to be unphysical. Even in case ǫ < 0 (k = 2), the entropy becomes
negative when
r2H < −12ǫ , (173)
if S0 = 0. Then the small black hole might be unphysical.
The fact discovered in this section-that entropy for S(A)dS BHS in grav-
ity with higher derivatives terms maybe easily done to be negative by the
corresponding choice of parameters is quite remarkable. It is likely that ther-
modynamics for black holes with negative entropies should be reconsidered.
In this respect the indication to possibility of some new type phase transi-
tion between SdS and SAdS BHs via the state with zero entropy is quite
interesting and should be further investigated.
9 Discussion
In summary, we presented the extensive study of charged SAdS and SdS
BH thermodynamics for Einstein-Gauss-Bonnet gravity with electromag-
netic field. The number of related questions (like gravity localization in
dS/CFT correspondence, etc) are also discussed. The careful investigation
of Hawking-Page phase transitions between SAdS BH and pure AdS space in
Einstein-GB-Maxwell theory is done. The dependence of such phase transi-
tion from the coefficient of GB term and from the electric charge is studied.
The corresponding phase diagrams are presented.
The investigation of SdS BHs in higher derivative gravity is very much
connected with dS/CFT correspondence. We presented surface countert-
erms derivation for higher derivative gravity on SdS and SAdS spaces. The
review of SdS BH thermodynamics in Einstein gravity is done. It helps in
the derivation of SdS BH thermodynamics for Einstein-GB gravity (with
electromagnetic field). The conserved BH mass for such theory is derived.
The interesting property of higher derivative gravity (including GB the-
ory) is the possibility for SdS (SAdS) BH entropy to be negative (or zero)
for some range of coefficients of higher derivative terms. This is presumably
related with the known fact that strong energy condition in higher derivative
gravity maybe violated. The simplest resolution of this phenomenon is to
exclude the corresponding parameter values as non-physical ones. However,
this may not be the good solution, as the definition of such (non-physical)
parameters region is very much dependent on the background space under
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consideration. Simply, for same version of higher derivative gravity say, SdS
BH entropy is negative but SAdS BH entropy is positive and vice-versa.
Moreover, it is clear that the effect of entropy sign change is an artifact of
higher derivative terms competing with leading Einstein term. This may not
be the case in superstring theory. Hence, our results hold within Einstein-
Gauss-Bonnet theory. However, one may point out the potential difficulties
to embed this scenario in fully realistic M-/string theory compactification.
We expect that there occurs some new type of phase transition between
SdS and SAdS BHs: what was SAdS BH with negative entropy becomes
SdS BH with positive entropy and vice-versa. Much work is required for
the construction of the formulation which describes such phase transitions
(if they really occur).
In any case, the BH states with zero (or negative) entropy call to the
further investigation as many previous claims on the properties of BH entropy
may not be true. Just to give an example, there is a conjecture in ref.[25] that
the entropy of deSitter space corresponds to the upper bound for the entropy
of the asymptotically deSitter space. It is clear that above conjecture maybe
true only in the Einstein gravity. In higher derivative theories, say, in the case
of zero (or negative) SdS BH entropy this bound cannot be applied. Hence,
the complete understanding of gravitational entropy for higher derivative
theories remains the subject of future research.
An important question to be raised has to do whether the type of gravities
and the parameter range discussed in this paper can be realized as an M-
theory and (or) string compactification. In particular, it is well known that
de Sitter space (or de Sitter supergravity) is hard to realize as vacuum state
in this context. One possible candidate is a compactification of Type IIB*
supergravity [3]. However, since Type IIB* supergravity is obtained from
Type IIB by performing a T-duality along the time direction, that introduces
negative kinetic energy terms (ghosts) for field strengths F in the new Type
IIB theory. Another (not very realistic) possibility could be related with
gauged supergravity where de Sitter state (at least as maximum) can be
realized.
The parameter ranges for the higher derivative terms employed in this
paper may also require inclusion of other types of higher derivative terms. In
principle such higher derivative terms are calculable in string and M-theory
and a further compactification on Einstein-Sasaki-type spaces would yield a
lower dimensional gravity with a (negative) cosmological constant. Thus in
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string theory the magnitude of the higher derivative terms and the magnitude
of the cosmological constant are in principle calculable parameters in terms
of the string coupling and the parameters of the compactified space. It could
turn out that the domain of parameters discussed in this paper would require
the inclusion of other higher derivative terms in string theory which would in
turn require a modification of our analysis and is deferred for a future study.
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